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1. INTRODUCTION
This paper is concerned with the study of the system of CahnHilliard
equations
ut&2K(u)=0, on R+_0, (1.1)
K(u)=&12u+G(u), G(u)={u8(u), (1.2)
where u: R+_0  RN, 1=[1ij] # RN_N is a symetric and positive definite
matrix, 0 is a bounded domain in Rn (n3) with sufficiently regular
boundary 0, 8 # C4(RN ; R). The system (1.1) is associated with the following
homogeneous boundary conditions
{xun |x # 0={x(2u) n |x # 0=0 (1.3)
(here {x u=[ui xj ] is a gradient N_n matrix, n is the outward normal
vector of 0) and supplemented with an initial condition
u(0, x)=u0(x), x # 0. (1.4)
For N=1, the system reduces to the original CahnHilliard model describing
decomposition of a binary alloy which has been studied by many authors
(for instance, see [1, 3, 4, 9, 11]). In general, it is proposed as a phase
separation model in the case where the alloy consists of N+1 components.
The derivation of (1.1)(1.4) as well as many theoretical results concerning
this problem can be found, for example, in [5, 6].
More recently, Cholewa and Dlotko [2] investigated the dynamical
properties of (1.1)(1.4). They proved that the system possesses global
attractors on some affined subspaces of [H2(0)]N under the assumptions:
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(1) There exists M # R such that
8(u)M, \u # RN ;
(2) uT ({u 8(u))k0 |u|2p&k1 , (k0 , k1>0);
(3) |38(u)uiuj uk |k2(1+|u|2p&3), 1i, j, kN, u # RN.
However, when the space dimension n=3, the authors were forced to
restrict their arguments to the case in which p=2 because of technical
difficulties which lie in estimating the H 2(0) norms of the solutions (By the
way we also remark that even in case of N=1 and 8 is a polynomial of
order 2p as in (1.5), the exitence of global attractors in H2(0) is still an
open problem if the restriction on p is dropped, see [11, p. 385] and [4].
The main difficulty is the same as in the case in which N>1). Due to the
restriction on p, the known results given in [2], etc., may not apply to
some important cases. For example, from the point of view of physics one
of the most common candidates for 8 is a real polynomial of any even
order 2p ( p1) with all leading coefficients positive (see [3, 11], etc.),
8(u)= :
N
i=1
ai u2pi +(a polynomial of order <2p). (1.5)
Our goal in this work is to ensure, without any restriction on the growth
of 8, the existence of attractors for (1.1)(1.4). Unlike those considered in
the literature, our 8 may allow fast growing nonlinearity. Instead of (1)(3),
we impose on 8 the following structure conditions:
(C1) There exists ;1>0 such that
8(u)&;1 , \u # RN ;
(C2) For \u0 # RN, there exists ;2=;2(u0)>0 such that
uT ({u8(u+u0))&;2 , \u # RN ;
(C3) There exists %>0 such that
lim inf
|u|  
uT ({u8(u))&%8(u)
|u|2
0;
(C4) 8 is semiconvex, that is, there exists *>0 such that 8(u)+(*2) |u|2
is convex.
Under the above assumptions, we prove that, the system (1.1)(1.4)
possesses global attractors on some affined subspaces of [H2(0)]N and
[H3(0)]N given in Section 5. As a special case of N=1, we have solved the
open problem metioned above even more generally. Our method here
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differs significantly from that in [2, 4, 11]. Some of our important ideas
come from [2, 3, 7, 9], etc.
Remark. 1.1. The condition (C2) seems to be a little strange. However,
there are many functions satisfying it. For example, in the case of N=1, if
a function 8(u) satisfies:
8$(u) u0, for u # R, |u|M, (1.6)
then 8 satisfies (C2). In fact, for every u0 # R, there exists M$=M$(u0)>0
such that
|u+u0 |M,
u
u+u0
>0, for |u|M$.
Therefore by (1.6),
8$(u+u0) u=
u
u+u0
8$(u+u0)(u+u0)0, for |u|M$.
Moreover, one can easily check that any polynomial as in (1.5) satisfies
all the conditions (C1)(C4).
Remark 1.2. Throughout this paper,the differential operators {, 2 are
understood to be taken with respect to spatial variable x; otherwise we
will always indecate the variable explicitly in the index, as in the case
of {u8(u). For a matrix B, tr B is the trace of B, BT is the transposed
matrix of B.
2. MATHEMATICAL SETTING
We first introduce several notations which will be used throughout the
following sections. We denote by H the space L2(0), ( } , } ) and | } | the
scalar product and norm on H (and also on HN :=[L2(0)]N when there
is no confusion). For each v # H, m(v) is the average of v,
m(v)=
1
|0| |0 v(x) dx.
H4 is the subspace of H,
H4 =[v # H, m(v)=0].
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We introduce the unbounded linear operator A on H defined by
A=&2, with the domain
D(A)=[v # H2(0), {v } n =0 on 0].
The operator A is positive, selfadjoint and possesses a basis of eigenvectors
|j ( j=0, 1, ...) which is orthonormal in H. It is associated with the eigen-
values *j ( j=0, 1, ...),
0=*0<*1*2 } } } *j  .
The functions satisfy
|0=|0| &12, |j # H4 (for j1).
For \s # R, we define As by setting
Asv= :

j=1
* sj &j| j , when v= :

j=0
&j|j .
Note that
A&sAsv=AsA&sv=v&m(v). (2.1)
For s # R we denote by Vs the space [D(As2)]N, where D(As2) is the
domain of As2,
D(As2)={v= :

j=0
&j|j , :

j=0
*sj &
2
j <= .
Vs is endowed with the semiproduct and seminorm ( } , } )s and | } | s ,
(u, v)s= :
N
i=1
(As2ui , As2v i), |u| 2s =(u, u)s
and with the norm & }&s ,
&u&s=(|u| 2s +|m(u)|
2)12,
where
m(u)=(m(ui)), |m(u)|2= :
N
i=1
m(u i)2.
We have
&u&0=(|u| 20+|m(u)|
2)12=|u|.
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When s>0, Vs is a subspace of [H s(0)]N and & }&s is on Vs a norm
equivalent to the usual one. Also, V&s is the dual of Vs . Moreover, for
\s, s$ # R, ss$, we have the following Poincare-type inequality
|u| s*&(s$&s)21 |u| s$ , \u # Vs$ (2.2)
and the interpolation inequality
|u|_s1+(1&_) s2|u|
_
s1
|u| 1&_s2 , _ # [0, 1]. (2.3)
For general theory of spaces H s(0), the interested reader is referred to
[11] and also [10] by Rodriguez-Bernal.
3. SOME A PRIORI ESTIMATES
In this section we establish some a priori estimates for the solution u of
(1.1)(1.4). Some computations leading to our estimates are not reasonable
because u may not be sufficiently regular. However, they can be justified by
considering the Galerkin approximation uk of u, which takes the form
uk=(u ik)(1iN ), u
i
k= :
k
j=0
g ikj(t) |j ,
where |j ( j=0, 1, 2, ...) the basis of eigenvectors of A given in Section 2.
uk satisfies:
(GAP) {\
d
dt
uk+AK(uk), v ij+=0, 1iN, 0 jk,
uk(0)=u0k ,
where u0k is the orthogonal projection in HN of u0 onto H Nk , Hk is the
subspace of H spanned by |j (0 jk),
v ij=(0, ..., 0
i&1
, |j , 0, ..., 0)T.
Thanks to the classical theory on existence of solutions of ordinary dif-
ferential equations, (GAP) possesses a unique solution uk on some interval
[0, Tk). Since |j # H s(0) (s>0), we have uk # C1([0, Tk); Vs) for any
s>0. Consider the equations in (GAP) corresponding to j=0. Recall
that |0 :=|0|&12, one can easily deduce that the average m(uk) of uk is
conserved, or equivalently g ik0(t)#const for 1iN. Multiplying equation
((ddt) uk+AK(uk), v ij)=0 by *
&1
j g
i
kj ( j1) and summing all the relations
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for 1iN and 1 jk, we find that the energy-type equality (3.1)
below holds with uk , i.e.,
1
2
d
dt
|uk | 2&1+(K(uk), u k)=0,
where u k=uk&m(uk). Similarly we can show that the other energy-type
equalities of u in the proof of Lemmas 3.13.6 hold with uk instead of u.
Hence, as uk is regular enough, all the computations in the following
argument can be performed on uk rigorously. Thus we conclude that the
estimates given in Lemmas 3.13.6 hold if u therein are replaced by uk (there-
fore one also understands that Tk=). Moreover, we can see that all the
estimates do not depend on k, which enables us to pass to the limit to find that
uk converges in suitable spaces with corresponding topology to the unique
global solution u of (1.1)(1.4) (consequently the global existence of the system
is proved) (see Section 4). Because the estimates for uk are k-independent, they
remain valid naturally for u.
We now point out two basic facts about (1.1)(1.4): It preserves the
spatial average of any solution u in time, i.e.,
m(u(t))#m(u0), for t0;
moreover, it has a Lyapunov function J(u) which decreases along any orbit
u(t) (this property is implicit in (3.16) below),
J(u)= 12 |
0
tr({uT1 {u) dx+|
0
8(u) dx.
For :>0, assume that |m(u0)|:. In this section, we will always denote
by u the solution of (1.1)(1.4) corresponding to the initial value u0 , ki the
positive constants depending on 1 and 8, ki (:) the positive constants
depending on :, 1 and 8.
Lemma 3.1. For \R, :>0, there exist positive constants E0 , \0 and t0
such that
(1) |u|&1E0 , \t0,
(2) |u|&1\0 , for tt0
when |u0 |&1R, |m(u0)|:, where E0 , t0 depend on R, :, 1 and 8; \0 only
depends on :, 1 and 8.
Proof. We multiply (1.1) by A&1u and integrate over 0,
1
2
d
dt
|u| 2&1+(K(u), u )=0. (3.1)
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where u =u&m(u)=u&m(u0). Further, we have
(K(u), u )=&(1 2u, u )+(G(u), u )
=|
0
tr({uT1 {u) dx+(G(u), u ). (3.2)
Since 1 is positive definite, we deduce that for some #0>0,
|
0
tr({uT1 {u) dx#0 |u| 21 . (3.3)
By (C2), it can be easily seen that
1
2 (G(u), u)&(G(u), m(u0))&k1(:). (3.4)
We also infer from (C3) that for \=>0, there exists C=>0 such that
(G(u), u)% |
0
8(u) dx&= |u|2&C= . (3.5)
Collecting all of these inequalities together, we have
(K(u), u )
1
2 |0 tr({u
T1 {u) dx+
%
2 |0 8(u) dx
+
#0
2
|u| 21&= |u|
2&C=&k1(:).
We choose = sufficiently small such that
#0
2
&u&21&= |u|
20
and obtain
(K(u), u )
1
2 |0 tr({u
T1 {u) dx+
%
2 |0 8(u) dx&k2(:). (3.6)
If %>2, then by (C1) we have
(K(u), u )=J(u)+\%2&1+ |0 8(u) dx&k2(:)
J(u)&\%2&1+ ;1 |0|&k2(:);
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if %2, then
(K(u), u )
%
4 |0 tr({u
T1 {u) dx+
%
2 |0 8(u) dx&k2(:)
=
%
2
J(u)&k2(:).
In general, we have
(K(u), u )k1J(u)&k3(:).
By (3.1), we find
d
dt
|u| 2&1+k1 J(u)K3(:). (3.7)
Moreover, by (3.1), (3.3), (3.6), and (C1), we also have
d
dt
|u| 2&1+#0 |u|
2
1k4(:).
By (2.2), *21 |u|
2
&1|u|
2
1 , and thus
d
dt
|u| 2&1+#0*
2
1 |u|
2
&1k4(:). (3.8)
Thanks to the classical Gronwall Lemma, we derive from (3.8) that
for \t0,
|u| 2&1|u0 |
2
&1 exp(&#0*
2
1 t)+
k4(:)
#0*21
(1&exp(&#0 *21 t)). (3.9)
Therefore
lim sup
t  
|u| 2&1
k4(:)
#0*21
. (3.10)
We assume that |u0 |&1R, |m(u0)|:, \0=(k4(:)#0 *21)
12+1. By (3.9)
and (3.10),
|u| 2&1R
2+
k4(:)
#0 *21
:=E 20 , \t0, (3.11)
|u|&1\0 , \tt0 . (3.12)
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Lemma 3.2. For \R, :>0, there exist E2 , +2 , \2 , t2>0 such that
(1) |u| 22E2(1+1t
2) exp(+2t), \t>0;
(2) |u|2\2 , \tt2 ,
where E2 , +2 and t2 depends on R, :, 1 and 8; \2 depends only on :, 1 and 8.
Proof. Integrating (3.7) between t and t+r (r>0), we find that
k1 |
t+r
t
J(u) dtk3(:) r+|u(t)| 2&1+|u(t+r)|
2
&1 .
Since J decreases along orbit u(t), we have
J(u(t+r))
k3(:)
k1
+
1
k1r
( |u(t)| 2&1+|u(t+r)|
2
&1). (3.13)
By (3.11)(3.13), we deduce that
J(u)
k3(:)
k1
+
2E 20
k1 r
:=c1(r), \r>0, tr, (3.14)
J(u)
k3(:)
k1
+
2\20
k1
:=k5(:), \tt0+1. (3.15)
We take the scalar product of (1.1) in HN by K(u) and obtain
d
dt
J(u)+|K(u)| 210. (3.16)
Integrate (3.16) between t and t+s(s>0), we have
|
t+s
t
|K(u)| 21 dtJ(u(t))&J(u(t+s)).
By (C1),
J(u)|
0
8(u) dx&;1 |0|, (3.17)
therefore by (3.14), (3.15),
|
t+s
t
|K(u)| 21 dtc1(r)+;1 |0| :=c2(r), \r>0, tr, (3.18)
|
t+s
t
|K(u)| 21 dtk5(:)+;1 |0| :=k6(:), \tt0+1. (3.19)
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We multiply (1.1) with (ddt) K(u) and integrate over 0,
\ut , ddt K(u)++
1
2
d
dt
|K(u)| 21=0. (3.20)
Further,
\ut , ddt K(u)+=(ut , &1 2ut+Hess 8(u) ut)
=|
0
tr(({ut)T 1 {ut) dx+|
0
uTt Hess 8(u) ut dx
#0 |ut | 21+|
0
uTt Hess 8(u) ut dx,
where Hess 8(u)=(28(u)uiu j )). By (C4),
|
0
uTt Hess 8(u) ut dx&* |ut |
2,
hence
1
2
d
dt
|K(u)| 21+#0 |ut |
2
1* |ut |
2.
Since m(ut)#0, by (2.1),
* |ut |2=* |ut | 20* |ut |&1 |ut |1
*2
4#0
|ut | 2&1+#0 |ut |
2
1 ,
therefore
d
dt
|K(u)| 21
*2
2#0
|ut | 2&1 . (3.21)
We also infer from Eq. (1.1) that
|ut | 2&1=|K(u)|
2
1 ,
thus
d
dt
|K(u)| 21
*2
2#0
|K(u)| 21 . (3.22)
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Thanks to the Uniform Gronwall Lemma (see [11, Ch. III, Lemma 1.1]),
we deduce immediately from (3.18), (3.19), and (3.22) that
|K(u)| 21
c2(r)
s
exp \ *
2
2#0
s+ , \r, s>0, tr+s, (3.23)
|K(u)| 21k6(:) exp \ *
2
2#0+ , \tt0+2. (3.24)
Taking r=s={2=t2 in (3.23), we conclude that
|K(u)| 21c1 \1+ 1t2+ exp \
*2
4#0
t+ , \t>0 (3.25)
for some suitable constant c1 , c1 depends on R, :, 1 and 8.
We multiply K(u) by Au and integrate over 0, since 1 is positive
definite, we have
(K(u), Au)#1 |u| 22+(Au, G(u))
=#1 |u| 22+|
0
:
n
k=1 \
u
xk+
T
Hess 8(u)
u
xk
dx
(by (C4))#1 |u| 22&* |u|
2
1 ,
#1 |u| 22* |u|
2
1+(K(u), Au)
\*+12+ |u| 21+
1
2
|K(u)| 21 . (3.26)
By (3.3), (3.17),
#0 |u| 21|
0
tr({uT1 {u) dx
=2J(u)&2 |
0
8(u) dx2;1 |0|+2J(u),
therefore by (3.14), (3.15), we conclude that
|u| 21c2 \1+1t+ , \t>0, (3.27)
|u| 21\
2
1 , \tt0+1, (3.28)
where \1=(#&10 (2k5(:)+2;1 |0| ))
12, c2 depends on R, :, 1 and 8. Now
we conclude the proof of Lemma 3.2 easily by collecting (3.24)(3.28)
together.
201CAHNHILLIARD GLOBAL ATTRACTOR
It can be seen that for some constant #2>0,
|u|3#2 |1 2u| 1 . (3.29)
Therefore we have
|u|3#2 |1 2u| 1#2 |K(u)| 1+#2 |G(u)| 1 . (3.30)
Since H 2(0)/L(0) (for n3), we find
|G(u)|1N max
1i, jN
|v||u|L
28(v)
vi vj
|u|1 . (3.31)
By (3.27)(3.31) and Lemma 3.2, we deduce immediately the following
Lemma.
Lemma 3.3. For \R, :>0, there exist a positive continuous function +(t)
defined on (0, ) and two positive constants \3 , t3 such that when |u0 |&1R,
|m(u0)|:,
(1) |u|3+(t), \t>0;
(2) |u|3\3 , for tt3 ,
where +(t) and t3 depend on R, :, 1 and 8; \3 depends on : and 1, 8.
Lemma 3.4. For \R>0, there exists a time T0 depending on R, :, 1, and
8 such that
&u(t)&222(1+R2), \t # [0, T0] (3.32)
when &u0&2R.
Proof. We multiply (1.1) with 22u and integrate over 0,
1
2
d
dt
|u| 22+(1 2
2u, 22u)=(2G(u), 22u).
It is easily seen that for some #3>0,
(1 22u, 22u)#3 |u| 24 , (3.33)
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therefore
1
2
d
dt
|u| 22+
1
2
(1 22u, 22u)+
1
2
#3 |u| 24
(2G(u), 22u)
1
2#3
|2G(u)|2+
#3
2
|u| 24 ,
d
dt
|u| 22+(1 2
2u, 22u)
1
#3
|2G(u)| 2. (3.34)
We suppose that u is sufficiently regular (this is right for the Galerkin
approximation uk of u), therefore
&u(t)&222(1+R
2), \t # [0, T0]
for some T0>0 to be determined. Since H2(0)/L(0), there exists
c3=c3(R) such that
|u(t)|L c3 , for t # [0, T0].
Futher, we have
2G(u)=(gk), gk= :
n
l=1 \ :
N
i, j=1
2Gk
ui uj
ui
xl
uj
x l
+ :
N
i=1
Gk
ui
2ui
x2l + , (3.35)
where Gk=8uk , k=1, 2, ..., N. Let
M0= max
|a|3
v # RN, |v|c3
|Da8(v)|,
here Da8(v) denote the derivative of 8 of order a # ZN+ . Then (by Cauchy
inequality)
| gk | 2M 20 |
0 \ :
n
l=1 \ :
N
i, j=1 }
ui
x l
uj
xl }+ :
N
i=1 }
2ui
x2l }++
2
dx
M 21 |
0
:
n
l=1 \ :
N
i, j=1 }
u i
x l
uj
x l }
2
+ :
N
i=1 }
2ui
x2l }
2
+ dx
=M 21 |u|
2
2+M
2
1 |
0
:
n
l=1
:
N
i, j=1 }
ui
xl
uj
xl }
2
dx
M 21 |u|
2
2+N
2M 21 |
0
:
n
l=1
:
N
i=1 }
u i
x l }
4
dx,
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where M1=nN(N+1)M0 . Since H1(0)/L4(0), we find that
|
0
:
n
l=1
:
N
i=1 }
ui
x l }
4
dxc$1 &u&
4
2
and thus
|2G(u)|2= :
N
k=1
| gk |2NM 21(1+c$1N
2 &u&22) &u&
2
2
NM 21c$2(1+&u&
2
2) &u&
2
2
c4(1+&u&22), for t # [0, T0],
where c4=2(1+R2) NM 21c$2 , c$2=max(1, c$1N
2). Since m(u)#m(u0),
by (3.34),
d
dt
(1+&u&22)
c4
#3
(1+&u&22), t # [0, T0],
(3.36)
1+&u&22(1+R2) exp \c4#3 t+ , t # [0, T0].
We deduce from (3.36) that (3.32) remains valid at least for
tT0 :=
#3
c4
log 2.
Lemmas 3.2 and 3.4 give a global estimate of &u&2 on [0, ). As a simple
consequence, we have
Lemma 3.5. Let u0 # V2 . Then for \R>0, there exists a constant CT>0
depending on R, 1, 8, and T such that
&u&L 2 (0, T ; V4)CT
when &u0&2R.
Proof. This estimate is obtained by a simple integration of (3.34) between
0 and T.
Lemma 3.6. For \R, :>0, there exists a constant E3>0 depending on
R, :, 1, and 8 such that
&u&3E3 , for t # [0, T0]
when &u0&3R.
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Proof. We multiply (1.1) by Aut to obtain
|ut | 21+
1
2
d
dt |0 tr(({2u)
T 1 {2u) dx
=(2G(u), &2ut)
1
2
|{2G(u)|2+
1
2
|ut | 21 ,
d
dt |0 tr(({2u)
T 1 {2u) dx|{2G(u)| 2. (3.37)
By (3.35),

x%
2Gk(u)= :
n
l=1 \ :
N
i, j, m=1
3Gk
ui ujum
ui
xl
u j
x l
um
x%
+2 :
N
i, j=1
2Gk
ui uj
2ui
xlx%
u j
x l
+ :
N
i, j=1
2Gk
uiuj
uj
x%
2ui
x2l
+ :
n
i=1
Gk
ui
3ui
x2l x%+ ,
where Gk(u)=8(u)uk . Since H2(0)/L(0), by Lemma 3.4, there
exists c5=c5(R)>0 such that
|u|L c5 , \t # [0, T0].
Therefore
} x% 2Gk(u) }M2 :
n
i=1 \ :
N
i, j, m=1 }
ui
xl
uj
xl
um
x% }+2 :
N
i, j=1 }
2ui
xlx%
uj
xl }
+ :
N
i, j=1 }
u j
x%
2ui
x2l }+ :
n
i=1 }
3ui
x2i x% }+ ,
where
M2= max
|a|4
v # RN, |v|c5
|Da8(v)|.
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Futher, we have (since H1(0)/L6(0)),
} uixl
uj
xl
um
x% }|{u| 3L6c$3 &u&32c6 , for t # [0, T0];
} 
2u i
xlx%
uj
xl }|{u|L  |u|2
c7 |{u|L c8 &u&3 , t # [0, T0];
} ujx%
2u i
x2l }|{u|L  |u|2c8 &u&3 , t # [0, T0].
Collecting all these inequalities above together, we find
} x% 2Gk(u) }
2
c9(1+&u&23), \t # [0, T0].
By (3.37),
d
dt |0 tr(({2u)
T 1 {2u) dxnNc9(1+&u&23).
By (3.3),
&u&23
1
#0 |0 tr(({2u)
T 1 {2u) dx+|m(u0)|2, (3.38)
and hence
d
dt |0 tr(({2u)
T 1 {2u) dx
c10 \1+|0 tr(({2u)T 1 {2u) dx+ , t # [0, T0]. (3.39)
(3.38) and (3.39) imply the estimate of &u&3 on the interval [0, T0]. The
proof is complete.
4. GLOBAL EXISTENCE AND UNIQUENESS
Theorem 4.1. Assume that 8 satisfies (C1)(C4), then for \u0 # Vs (s=2, 3),
the system (1.1)(1.4) possesses a unique solution u satisfying
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(1) u # C([0, ); Vs) & L(0, ; Vs);
(2) u # L2(0, T; V4), \T>0.
Proof. As it is stated in Section 3, all the estimates given in Lemmas
3.13.6 hold for the approximate solutions uk of (1.1)(1.4), therefore the
proof of existence is standard by the Galerkin method, we only need to
point out the following fact which is used in the argument:
If [uk] is bounded in L(0, T; V2), uk  u in L2(0, T; V2) weakly and in
L(0, T; V0) weak-star, (ddt) uk  (ddt)u in L2(0, T; V$2) weakly, then
G(uk)  G(u) strongly in L2(0, T; V0). (4.1)
We prove that any subsequence of [uk] possesses a subsequence which
satisfies (4.1), therefore [uk] satisfies (4.1). For this purpose, it suffices to
show that [uk] has a subsequence [uki] satisfying (4.1).
Indeed, since H2(0)/L(0) (for n3), we have for some constant CT>0,
|uk |L CT , \t # [0, T], k1. (4.2)
Due to a compactness theorem (see [12, Ch. III, Section 2]),
uk  u in L2(0, T; V0).
Therefore for some subsequence [uki],
uki (t, x)  u(t, x), for a.e. (t, x) # [0, T]_0,
and thus
G(uki (t, x))  G(u(t, x)), for a.e. (t, x) # [0, T]_0. (4.3)
By (4.2) and the classical Lebesgue Control Covergence Theorem, we deduce
immediately that [uki] satisfies (4.1).
The argument on the continuity of u(t) in time with values in Vs is also
classical, we omit it, the reader is referred to [11, Ch. III] for such aspects.
We now prove the uniqueness results.
Let u0 , v0 # V2 , u and v are the solutions of (1.1)(1.4) corresponding to
the initial values u0 and v0 . Let w=u&v. Then w satisfies
wt+1 22w=2(G(u)&G(v)). (4.4)
We multiply (4.4) with 22w and obtain (by (3.33)).
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1
2
d
dt
|w| 22+#3 |w|
2
4(2(G(u)&G(v)), 2
2w)

1
4#3
|2(G(u)&G(v))|2+#3 |w| 24 ,
d
dt
|w| 22
1
2#3
|2(G(u)&G(v))|2. (4.5)
By an anologous argument as in (14)(16) of [8], we can prove that when
&u0&2 , &v0&2R,
|2(G(u)&G(v))|C &w&2 , (4.6)
Where C depends on R, 1, 8, and T. Therefore (since m(w)#const)
d
dt
&w&22C &w&
2
2 , for t # [0, T].
We deduce immediately that
&u(t)&v(t)&2C &u0&v0&2 , \t # [0, T]. (4.7)
The uniqueness result in V3 can be proved in a quite similar manner (in
this case we multiply (4.4) with Awt), we omit it.
5. EXISTENCE OF GLOBAL ATTRACTORS
Theorem 4.1 enables us to define a semigroup [s(t)]t0 on Vs (s=2, 3),
S(t)u0=u(t), \u0 # Vs , t0,
where u(t) is the solution of (1.1)(1.4) corresponding to initial value u0 .
Since the system preserves the spatial average of solutions, it is impossible
to construct a compact global attractor for [S(t)] on the whole space Vs .
However, we find that the restriction of [S(t)] on the affined space
Vs(a)=[u # Vs , |m(u)|a] (a>0)
is a well defined semigroup.
We infer from Theorem 4.1 and its proof that [S(t)] is strongly continuous.
Furthermore, [S(t)] takes bounded sets of Vs into bounded sets. Using the
general results of Hale [7] and the idea of a sectorial operator [8] (122 is a
sectorial operator), we can now formulate the following theorem. Its proof
is an anolog of that of Theorem [4] 1 and Theorem [2] 1, we omit it.
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Theorem 5.1. The semigroup [S(t)] generated by the CahnHilliard
system (1.1)(1.4) possesses on Vs(a) (s=2, 3) a global attractor A(a) which
attracts each point of Vs(a). Furthermore, A(a) is connected and bounded in Vs .
Remark 5.1. One can easily check that A(a) does not depend on s.
Moreover, we remark that A(a) as an attractor of [S(t)] on V2(a) can also
be obtained by using the general existence result of attractors in [11, Ch. I].
Thus we also deduce that A(a) attracts any bounded set of V2(a) in the
topology of V2 .
Remark 5.2. Since for two solutions u, v of (1.1)(1.4), the Lipshcitz
condition (4.7) holds, based on the abstract backward uniqueness result
stated in [11, p. 170], it follows that the restriction of [S(t)] on A(a) is
a one-to-one mapping for each t0 fixed. Thus the semigroup [S(t)]
restricted on A(a) can be extended to a group.
Remark 5.3. All our results remain valid if the Neumann boundary
condition (1.3) is replaced by the periodic condition
Dau |xi=0=D
au |xi=Li , i=1, ..., n,
when 0=>ni=1 (0, Li), where D
au denotes any derivative of u of order less
than or equal to 3.
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